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Abstract. Two matrices A and B of the same size are said to satisfy the minus partial ordering, denoted by 
B A, iS the rank subtractivity equahty rank ( A — B) — rank(j4) — rank(i3) holds; two complex Hermitian 
matrices A and B of the same size are said to satisfy the Lowner partial ordering, denoted by B A, iff the 
difference A — _B is nonnegative definite. In this note, we establish general solution of the inequality BXB* ^~ A 
induced from the minus partial ordering, and general solution of the inequality BXB* A induced from the 
Lowner partial ordering, respectively, where (•)* denotes the conjugate transpose of a complex matrix. As con- 
^f~) ' sequences, we give closed-form expressions for the shorted matrices of A relative to the range of B in the minus 

and Lowner partial orderings, respectively, and show that these two types of shorted matrices in fact are the same. 
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^ ■ 1 Introduction 



. Throughout this note, let C™^" and denote the collections of all m x n complex matrices and all 

' mxm complex Hermitian matrices, respectively; the symbols A* , r{A) and M{A) stand for the conjugate 

transpose, the rank and the range (column space) of a matrix A G C™^", respectively; Im denotes the 
identity matrix of order m; [A, B] denotes a row block matrix consisting of A and B. The Moore-Penrose 
j3 ■ inverse of a matrix A G c™^", denoted by A\ is defined to be the unique matrix X G C"^™ satisfying 

the matrix equations 



(i) AX A = A, (ii) XAX = X, (iii) [AXy = AX, (iv) (XA)* = XA. 



Further, let Ea = Im — AA^ and Fa — In — A^A, both of which are orthogonal projectors and their ranks 
QQ ' are given by r{EA) — m ~ r{A) and r{FA) — n — r{A). A well-known property of the Moore-Penrose 

0\ ; inverse is (A^)* = {A*)K Hence, ii A = A*, then both At = (A^)* and AA^ = A'' A hold. The inertia of 

■"nI" ' a matrix A G Cj^' is defined to be the triplet In(A) — {i+{A), io{A) }, where i+{A), i-{A) and 

io(A) are the numbers of the positive, negative and zero eigenvalues of A counted with multiplicities, 
' respectively. For a matrix A G Cj^, both r{A) = i+iA) + i~{A) and io{A) = m — r{A) hold. 

I The definitions of two well-known partial orderings on matrices of the same size are given below. 



Definition 1.1 (a) Two matrices A, B G C™^" are said to satisfy the minus partial ordering, denoted 
by B A, iff the rank subtractivity equality r{A — B) = r{A) — r{B) holds, or equivalently, both 
^{A -B)n .'^{B) = {0} and ^{A* - B*) D .^{B*) = {0} hold. 

(b) Two matrices A, B £ are said to satisfy the Lowner partial ordering, denoted by B A, iff 
the difference A — B is nonnegative definite, or equivalently, A ~ B = UU* for some matrix U. 

In this note, we consider the following two matrix inequalities 

BXB* A, (1.1) 
BXB* s;^ A (1.2) 

induced from the minus and Lowner partial orderings, and examine the relations of their solutions, where 
A G Cj^' and B G C"'^" are given, and X G is unknown. This consideration is motivated by some 
recent work on rank and inertia optimizations of A — BXB* in [71 [T31 [Tl]. We shall derive general 
solutions of (II. ip and (|1.2p by using the given matrices and their generalized inverses, and then discuss 
some algebraic properties of these solutions. In particular, we give solutions of the following constrained 
rank and Lowner partial ordering optimization problems 

max r(BXB*), min r(A- BXB*), (1.3) 

BXB^<-A BXB'<-A 
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max{ BXB* I BXB* A }, 



mini A 



BXB* \BXB* A}. 



(1.4) 



Eqs. (Il.ip and (ll.2p are equivalent to determining elements in the following matrix sets: 



51 = {Ze 

52 = {Ze 



Z A, 
Z A, 



^{Z) CM{B)}, 
^(Z) Ci^(B)}. 



(1.5) 
(1.6) 



The matrices Z in (|1.5p and (I1.6P can be regarded as two constrained approximations of the matrix A in 
partial orderings. In particular, a matrix Z & Si that has the maximal possible rank is called a shorted 
matrix of A relative to ^(B) in the minus partial ordering (see [^111]): while the maximal matrix in ^2 is 
called a shorted matrix of A relative to ^{B) in the Lowner partial ordering (see [3 [I])- Our approaches 
to (|l.ip - (|1.4p link some previous and recent work in [1] [2j [3l HI O HI [lOl |TT] on shorted matrices of A 
relative to given subspaces in partial orderings, and some recent work on the rank and inertia of the 
matrix function A — BXB* in [7l[13l[14]. It is obvious that there always exists a matrix X that satisfies 
(jl.ll) . say, X = 0. Hence, what we need to do is to derive a general expression of X that satisfies ()1.1|) . 
Eq. (jl.2p may have no solutions unless the given matrices A and B in (ll.2p satisfy certain conditions. 

This note is organized as follows. In Section 2, we present some known results on ranks and inertias 
of matrices and matrix equations, and then solve two homogeneous matrix equations with symmetric 
patterns. In Section 3, we use the results obtained in Section 2 to derive the general solution of (jl.ip . and 
give an analytical expression for the shorted matrix of A relative to 3i{B) in the minus partial ordering. 
In Section 4, we derive necessary and sufficient conditions for (|1.2p to have a solution, and then give the 
general solution of (|1.2[) . We show in Section 5 an interesting fact that the shorted matrices of A relative 
to !!%{B) in the minus and Lowner partial orderings are the same. 



2 Preliminary results 

In order to characterize matrix equalities that involve the Moore-Penrose inverses, we need the following 
rank and inertia expansion formulas. 



Lemma 2.1 ([8]) Let A e 

formulas hold 



B e C"*^*^ and C G C'^" be given. Then, the following rank expansion 



r[A,B]= r{A) + r{EAB) = r{B) + riEsA), 
A 



A B 
C CA^B 



= r(A) + r{CFA) = r{C) + r{AFc), 
r{A, B\ - r{A). 



A 
C 



(2.1) 
(2.2) 

(2.3) 



Lemma 2.2 ( |13| ) Let A G Cg^, B G C™^", and D G C^. Then, the following inertia expansion 
formulas hold 



A B 

B* 

A B 

B* D 



^r{B)+i±{EBAEB), 

^i±{A)+i±{D ~ B*A^B) for ^{B) C^{A). 



(2.4) 
(2.5) 



In order to solve (jl.l|) and (jl.2|) . we also need the following results on solvability conditions and 
general solutions of two simple linear matrix equations. 

Lemma 2.3 Let A e C™^" and B e C'^^'p be given. Then, the following hold. 

(a) [12| The matrix equation AX = B is consistent if and only if S^{B) C ^(A). In this case, the 
general solution can be written as X ^ A^ B + FaU, where U G C"^^ is arbitrary. 

(b) [B] Under B G C"'^", the matrix equation AX = B has a solution X G Cj^ if and only 
if ^{B) C 3i[A), AB* and r{AB*) = r{B). In this case, the general nonnegativc definite 
solution can be written as 

X ^ B*{AB*)^B + FaUFa, (2.6) 

where U G is arbitrary. 
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Lemma 2.4 Let A G C™^" and B e be given. Then, the following hold. 

(a) [1] The matrix equation 

AX A* = B (2.7) 

has a solution X 6 if and only if ^%{B) C 3£{A), or equivalently, AA^ B = B. 

(b) [13] Under X G CJ^^, the general Hermitian solution of (|2.7|) can be written in the following two 
forms 

X = A''B{A''y + U - A^'AUA'fA, (2.8) 

X = A^B{A^y + FaV + V*Fa, (2.9) 

respectively, where U G CJ| and G C"^" are arbitrary. 

Lemma 2.5 Let P e C™'*" anrf Q G C™^'' be given. Then, the general solutions X G Cg and F G 
o/ the matrix equation 

PXP* ^ QYQ* (2.10) 

can be written as 

X = XiWX* +X2, Y = YiWY* + Y2, (2.11) 

where W G is arbitrary, and Xi G C"^™, X2 G Cg, 11 G C''^™ andY2 G are t/ie general solutions 
of the following matrix equations 

PXi^QYi, PX2P*^0, QY2Q* = 0, (2.12) 

or alternatively, the general solution of (j2.10p can be written in the following pair of parametric form 

X - T^FhUFhT: + Ui~ P^PUiP^P, (2.13) 
Y = hFHUFHll + U2~Q^QU2Q^Q, (2.14) 

where = [P, -Q], ^ = [/„, 0], 7fe [0, 4 ], anrf [/ G , Ui G Cg anrf JJs e are arbitrary. 

Proof It is easy to verify that the pair of matrices X and Y in (|2.1ip are both Hermitian. Substituting 
the pair of matrices into (|2.10p gives 

PXP* = PXiWX*P* = QYiWY*Q* = QYQ*, 

which shows that (j2.1ip satisfies (j2.10p . Also, assume that Xq and Yq are any pair of solutions of (|2.10p . 
and set 

W - iPXoP*)^ = {QYoQ*y, Xi = P^PXoP*, Y, = Q^QYoQ*, 
X2=Xo- P^PXoP^P, Y2 = Yo- Q^QYoQ^Q. 

Then, ([2?TT|) reduces to 

X = P^PXoP*{PXoP*y{P''PXoP*)* +Xa- P^PXoP^P 

= P'' {PXqP*){PXqP*)'' {PXoP*){P^)* +Xo~ P^PXaP^'P 

= P^PXaP'^P + Xa- P^PXaP^P = Xq, 
Y = Q^QYoQ*iQYQQ*)\Q^QYoQ*)* +Yo- Q^QY^Q^Q 

= Q\QY^Q*){QY^Q*)\QYoQ*){Q^)* +Y^- Q^QY^Q^Q 

= Q^QYoQ^Q + Yo- Q^QYoQ^Q = Yo, 

that is, any pair of solutions of ()2.10p can be represented by ()2.1ip . Thus, ()2.1ip is the general solution 
of (I2TOI1 . 

Solving the latter two equations in ()2.12p by Lemma I2.4f b) yields the following general solutions 

X2^Ui- P^PUiP^P, Y2^U2- Q^QU2Q^Q, (2.15) 
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where Ui £ Cj^ and U2 G are arbitrary. To solve the first equation in (|2.12[) . we rewrite it as 



P, -Q] 



Yi 



= FhVi, 



= 0. Solving this equation by Lenima l2.3f a) gives the general solution 
where Vi is an arbitrary matrix. Hence, the general expressions of Xi and Yi can be written as 

Xi^Tr,FHVu Yi=hFHVi. (2.16) 

Substituting ([^^5)) and ^^JM into ^^JH gives ([^1^ and (I^Jil) . □ 

Lemma 2.6 Let B G C™x" and A G CjJ he given. Then, the general solution X G of the quadratic 
matrix equation 

{BXB*)A{BXB*) = BXB* (2.17) 
can he expressed in the following parametric form 

X = U{U*B*ABUyU* + V - B'^BVB'^B, (2.18) 
where U G C"^" and V G are arbitrary. 

Proof Substituting I^JE\i into BXB* gives BXB* = BU{U* B* ABU^U* B* . It is easy to verify by 
the definition of the Moore-Penrose inverse that 

{BXB*)A{BXB*) = BU{U*B*ABU)'^U*B*ABU{U*B*ABUyU*B* 
= BU{U*B*ABU)^U*B* = BXB*. 

Hence, (|2.18p satisfies (|2.17l) . On the other hand, for any Hermitian solution Xq of (I2.17p . set U = 
B'fBXoB^B and V = Xq in (i2l8| . Then, ({2181 reduces to 

X = B^BXaB''B{B''BXaB*ABXaB''B)''B''BXoB'iB + Xq - B'^BX^B'^B 
= B^ BXaB"! BiB"! BXaB"! BY B^ BXqB'' B + Xq - B^^BX^^B^B 
= B^BXaB'iB + Xa - B'^BX^B'^B = X^. 

This result indicates that all solutions of (|2.17p can be represented through (|2.18p . Hence, (|2.18p is the 
general solution of (|2.17p . □ 

3 General solution of BXB* ^ A 

A well-known necessary and sufficient condition for the rank subtractivity equality in Definition 1.1 to 
hold is 

r{A-B)= r{A) - r{B) ^ M{B) C M{A), ^{B*) C M{A*) and BA'^B = B, (3.1) 
see [5]. Applying p.ip to (|l.ip . we can convert (jl.ip to a system of matrix equations. 

Lemma 3.1 Eq. (|l.ip is equivalent to the following system of matrix equations 

BXB* = AY A, {BXB*) A'^ (BXB*) = BXB*, (3.2) 

where Y G is an unknown matrix. 

Proof From p.ip . the minus partial order BXB* A in (11.11) is equivalent to 

^{BXB*) C^{A) and {BXB*)A\BXB*)^BXB*. (3.3) 

By Lemma l2.4f a). the first range inclusion in (j3.3l) holds if and only if the first matrix equation in 
is solvable for Y . Thus, (13.21) and (13. 3p are equivalent. □ 

Theorem 3.2 Let A G CjJ and B G C™^" he given, and Si he as given in (|1.6p . Also define 



A B 
B* 



M = 

Then, the following hold. 



H^[B,~A], /„-[/„,0], B^[B,0], Ai=EbA, B^^EaB. 
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(a) The general Hermitian solution of the inequality 

BXB* A (3.4) 

can be written as 

X = InPnUiU* FhB* BFhUYu* FhT* + V - B^BYB^^B, (3.5) 

where U G c(™+")^(™+") and F G Cg are arbitrary. 

(b) The general expression of the matrices in (|1.5|1 can be written as 

Z = BFhU{U*FhB*A^BFhU)^U*FhB*, (3.6) 

where U G ^(m+n) x (m+n) arbitrary. The global maximal and minimal inertias and ranks of Z in 
p.6p and the corresponding A ~ Z are given by 

maxi±(Z) = i^{M) + i±{A) - r[A, B], (3.7) 

max r{Z) = r(M) + r(A) - 2r [ A, B ] , (3.8) 

min i±{ A - Z) = r[A, B]-i^{M), (3.9) 

min r(yl- Z) = 2r[yl, B] -r(M). (3.10) 

The shorted matrix of A relative to ^%{B), denoted by (j)^ {A \ B), which is a matrix Z that satisfies 
(|3.8p . is given by 

(t)-{A\B)^ BFH{FHB*A'^BFHyFHB*. (3.11) 



Proof Applying Lemma [2.51 to the first equation in p.2[) . we obtain the general solutions of X and Y 
as follows 

X = InFHTFHl* +V- B^BVB'fB, Y = Z^FhTFeT:^ + W- A^AWA^A, (3.12) 

where T G C^^", G and W G Cg? are arbitrary. Substituting p. 121) into the second equation in 
(|3.2[) leads to the following quadratic matrix equation 



{BFhTFhB*)A\BFhTFhB*) = BFrTFrB*. 

By Lemma 12.61 the general solution of this quadratic matrix equation is given by 

T = U{U*FhB*A'^BFhU)'^U* + Wi- {BFh)\BFh)Wi{BFh)HbFh), 

where U G c("+")^ and Wi G Ch+" are arbitrary. Substituting this T into the matrix X in ((51^ 

gives 

X = X,FhU{U*FhB*A^BFhU)'^U*FhII 

+ [TuFhWiFhT: - InFH{BFH)\BFH)Wi{BFH)\BFH)FHZ] + V - B^BVB^B. (3.13) 

It is easy to verify from Bin — B that 

BII^FhWiFhII - TnFHiBFH)HBFH)Wi{BFH )\BFh)FhZ W 
= BFhWiFhB* - {BFh){BFh)\BFh)Wi{BFh )\BFH){BFHy = 0. 

This fact shows that the second term on the right-hand side of (|3.13p is a solution to BXB* = 0. Also, 
note from Lemma r2.4r b) that V — B^BVB^B is the general solution to BXB* = 0. Hence, the second 
term on the right-hand side of p.l3p can be represented by the third term of the same side, so that (|3.13p 
reduces to p.Sp . 

Substituting ([331) into BXB* gives 

Z = BXB* = BFhU{U*FhB*A^BFhU)^U*FhB*, (3.14) 
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as required for p.6p . Note further that this Z satisfies 

Both (|3l4l) and (jXTS]) imply 

i±{Z) ^ i±{\J* FhB* A^BFhV) i^i±{FHB* A^BFh) 

and 

maxi±(Z) = i±{FHB*A^BFH), maxr(Z) = r{FHB* A^ BFh). 



(3.15) 
(3.16) 
(3.17) 



Recah that the inertia of a Hermitian matrix does not change under Hermitian congruence operations. 
Applying (j2.4p to FhB*A^BFh and simplifying by Hermitian congruence operations, we obtain 



i±{FHB*A^BFH) = i± 



= i± 



B*A^B H 

H 

B*A'^B B* 
-A 

B -AO 



r{H) 




B 





" 





B* 







A 


-A 




B 


-A 







' 





' 


= i± 





A 







B 





-A 




' A 








B* 





+ «± 



-A 
-A 

-r[A B] 

r[A,B] 
+ i±{A)~r[A, B]. 



-r[A, B] 

-r[A, B] 



(3.18) 



Substituting ([SIS]) into (|3TT7l) leads to and ([XS]) . Also, note that 

min A - 

xeSi 

Thus, dSH) and (jXTU)) follow from dXT]) and 



min i±( A — Z ) = i±(A) — max i±(Z). 
xeSi xeSi 



4 General solution of BXB* A 

In this section, we derive an analytical expression for the general solution of (jl.2p by using generalized 
inverses of matrices, and show some algebraic properties of the solution. 

Theorem 4.1 Let A G CJ^ and B G C™^" be given, and let S2 be as given in (11.61) . Then, the following 
hold. 



(a) There exists an X E such that 
if and only if 
or equivalently. 



BXB* s;^ A 



EbAEb and r{EBAEB) = r{EBA), 



A B 
B* 



= r\ A, B] and i- 



A B 
B* 



r{B). 



(4.1) 
(4.2) 

(4.3) 



In this case, the general Hermitian solution of (|4.ip can be written in the following parametric form 

X = B'^A{B'^y - B''AEb{EbAEb)''EbA{B^)* - UU* + FbV + V*Fb, (4.4) 

where U, V £ £^nxn arbitrary. Correspondingly, the general expression of the matrices in S2 
can he written as 



Z = A- AEb{EbAEb)'^EbA - BUU*B* 



(4.5) 
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(b) Under (j4.2p . the shorted matrix of A relative to ^{B), denoted by (p^{A \ B), which is the maximizer 
in S2 , can uniquely be written as 



(j)^{A\B) = A ~ AEb{EbAEb)'' EbA. 

The rank and inertia of (j)^{A \ B) and A — (f>^{A\B) satisfy 

^+[^'^iA\B)]=^+{A)+r{B)-r[A, Bl 
24^'^{A\B)]=2^{A), 



i+[A 



'iA\B)]=r[A-(t)^{A\B)]=^r[A, B]-r{B). 



Proof It is obvious that (|4.ip is equivalent to 

BXB* 



A-YY* 



(4.6) 

(4.7) 
(4.8) 
(4.9) 

(4.10) 



for some matrix Y . In other words, (|4.ip can be relaxed to a matrix equation with two unknown matrices. 
From Lemmaima), (|4l0| is solvable for X (^C^ii and only iiEB{A- YY* ) = 0, that is, 



EbYY* = EbA. 



(4.11) 



From Lemma[23)^b), ((ilT|) is solvable for YY* if and only if EbAEb and r{EBAEB) = r{EBA), 
establishing (I4.2p . which is further equivalent to (j4.3p by (|2.ip and (|2.4p . In this case, the general 
nonnegative definite solution of (|4.11l) can be written as 



YY* ^ AEb{EbAEb)^EbA + BB^WBB\ 
where Q W e Cg' is arbitrary. Substituting the YY* into (|4.10|) gives 

BXB* ^ A- AEBiEBAEB^EBA - BB^WBB"^. 
By Lemma imKb), the general Hcrmitian solution of (|4.13p can be written as 

X = B^AiB'')* - B^AEb{EbAEb)^EbA{B'')* - B^W{B^)* + FbV + V*Fb, 



(4.12) 
(4.13) 
(4.14) 

where V G C"^" is arbitrary. Replacing the matrix B'^W{B'^)* e in (I4.14p with a general matrix 
U e eg yields (|4.4p . which is also the general Hermitian solution of (|4.ip . Substituting (|4.4p into 
BXB* gives its)) . 

Eq. gH) follows from gS]) by noticing BUU*B* 0. 

It follows from ([42| that ^(£;bA£:b) = ^(£^bA). In this case, applying ((2?5|) to (|46l) and simphfying 
by Hermitian congruence transformations, we obtain 



z± [ (/.L ( ^ I S ) ] = z± [ A - A^s {EbAEb)^EbA ] 

EbAEe 
AEb 


A 

= i±{A)-i±{EBAEB), 

t±[A-4>''{A\B)]=t±[AEB {EbAEb)^EbA ] 

-EbAEb EbA 
AEb 

EbA 
AEb 

= r{EBA)-i^{EBAEB). 
Hence, we further find from that (|2.ip and ()4.2p that 

i+[(/.L( A I B )] = i+(A) - i+{EBAEB) = i+{A) - r{EBA) = i+{A) + r{B) - r[A, B], 
i^[(l)^{A\B)]= i^{A) - i^{EbAEb) ^ i-{A), 
i+[A-4>^{A\B)]= r{EBA) - [EbAEb) = r{EBA) =r[A,B]- r{B), 
i-[A-(l)^{A\B)]=r{EBA)-i+{EBAEB) = Q. 
establishing (f4J l) -((49 l) . □ 



-~i±{EbAEb) 
i±{EbAEb) 



-i^{EBAEB) 
-i^{EbAEb) 
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5 An equality for the shorted matrices of A relative to M{B) in 
the minus and Lowner partial orderings 



Since Si and 52 in (|l-5p and ()1.6p are defined from different matrix inequalities, tlie two sets are not 
necessarily the same, as demonstrated in Theorems I3.2f b) and l4.1f aV However, they may have some 
common matrices. In this section, we show an interesting fact that the shorted matrices of A relative to 
■!M{B) in the minus and Lowner partial orderings are the same. 

Theorem 5.1 Let A G and B G c^x" given, and Si and S2 be as given in (|1.5p and (|1.6p . // 
(|4.ip has a solution, then the two shorted matrices in Si and S2 are the same, namely, 



(t)-{A\B) = <P^{A\B). 
Proof Note from ([XTT]) and dH]) that (gl]) holds if and only if 

BFh{FhB* A'^BFh)^ FhB* ^ A- AEBiEsAEB)'' EbA. 
It is easy to derive from ()2.2|) that 



B 
H 



r{H) =r{A)+r{B) -r[A, B]. 



r{BFH) = 

Under (g^l), reduces to 

r( FhB*A''BFh ) = r(M) + r{A) -2r[A, B]= r{A) + r{B) -r[A, B] 



(5.1) 



(5.2) 



(5.3) 



(5.4) 



Both dO]) and imply that M{FhB*) = ^{ FhB* A^i BFh )■ In this case, applying ([2^ to the 

difference of both sides of ()5.2|) and simplifying by elementary matrix operations, we obtain 



r[A- AEb{EbAEb)'^EbA - BFh{FhB* A"^ BEh)"^ FhB* ] 

FhB*A^BFh FhB* 

BEh A- AEBiEBAEBYEBA 

B*A''B B* H* ' 

B A- AEb{EbAEb)'^EbA 
H . 

BMtS B* B* 

-A 

A - AEb{EbAEbVEbA 





- r{EHB*A''BFH) 

-2r{H)-r{A)-r{B)+r[A, B] (by jM 





-A 

A - AEb{EbAEb)''EbA 






B 

B -A 

B*A''B B* 


B 



B*A'^B B* 

B A- AEb{EbAEb)^EbA 

B*A^B S* 1 r 

B [0 AEBiEBAEB^EBA 

B*A''B B* 
B A AEb 

EbA EbAEb 

B*A'^B B* , 

r{EBA) + r{A) -r{B) -r[A, B] 



-r{A) -r{B) - r[A, B] 



r{A) ~r{B) - r[A, B] 



+ r{A) -r{B) -r[A, B] 

-r{A) -r{B) -r[A, B] 



iEBAEB)+r{A)-r{B)-r[A,B] {hy ^) 



B AO 



B*A'^B B* 

B A 



' r{A) - 2r[A, B] = Q (by (USD), 
which means that ()5.2p is an equality. □ 
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The minus and Lowner partial orderings in Definition 1.1 can accordingly be defined for linear opera- 
tors on a Hilbert space. Also, note that the results in this note are derived from some ordinary algebraic 
operations of the given matrices and their Moore-Penrose inverses. Hence, it is no doubt that most of 
the conclusions in this note can be extended to operator algebra, in which the Moore-Penrose inverses 
of linear operators were defined. 
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